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Abstract:
Hypergeometric functions, integral to various branches of mathematics and physics, have seen significant
advancements in recent years. These functions generalize many classical functions and offer solutions to differential
equations, making them a focal point of mathematical research. Developments such as q-hypergeometric and elliptic
hypergeometric functions have expanded their theoretical framework and practical applications. Advances in
computational methods have facilitated manipulation and utilization of these functions in complex problem-solving.
In modern physics, hypergeometric functions have found novel applications in areas like string theory and conformal
field theory, showcasing their continued relevance and utility.
Introduction:
Hypergeometric functions serve as a cornerstone of mathematical analysis and theoretical physics. The classical
hypergeometric function, usually denoted as 2F (a, b; c; z), is defined by the hypergeometric series and solves second-
order linear ordinary differential equations with three regular singular points. Over the centuries, studies by
mathematicians such as Gauss, Kummer, and Riemann have laid the groundwork for understanding its analytical
properties and its vast array of identities. Recent progress includes the development of generalized forms like , 7y, g-
hypergeometric functions, and elliptic hypergeometric functions, each broadening the spectrum of applicability and
interconnecting distinct areas of mathematics. Advances in computational techniques have also allowed researchers
to evaluate complex hypergeometric functions, optimize algorithmic discovery of identities, and facilitate their role in
modeling phenomena in physics, such as anomalous diffusion and systems governed by fractional differential
equations.
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Properties of Hypergeometric Functions:
1. Analytical Structure: Hypergeometric functions possess rich structural properties, including transformation,
summation, and contiguous relations. Their behavior is closely linked to the properties of the differential equations
they solve.
2. Generalizations: Modern studies have produced g-hypergeometric and elliptic hypergeometric generalizations,
which are important in combinatorics, number theory, and mathematical physics.
3. Connections to Fractional Calculus: Hypergeometric functions elegantly solve fractional integrals and offer a
framework for connecting fractional calculus to classical special functions. These connections extend their usability
in modeling anomalous processes and viscoelastic materials.
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4. Geometric and Convexity Properties: For certain forms, such as F;and oF,, properties like convexity,
starlikeness, and boundedness are explored, revealing deeper analytic characteristics and relations to other special
functions.
Methods:
Hypergeometric functions are solutions to the hypergeometric differential equation, a second-order linear ordinary
differential equation with three regular singular points at 0, 1, and infinity. Several methods are used to find solutions:
1. Frobenius Method:
The classical approach is the Frobenius method, which constructs power series solutions around a singular point
(typically z=0). This produces two linearly independent solutions involving hypergeometric series such as
2Fi(a, b; ¢; 2)
and
z'"%,F) (a—c+1, b—c+1; 2—c; z)
(if ¢ is not an integer). When c is an integer, logarithmic terms appear in the second solution.
2. Transformation of Variables:
Solutions around the other singular points z= 1 and z= oo are found by variable transformations, rewriting the equation
so the Frobenius method or series solutions apply at these points. For instance, around z = 1, the substitutiont=1 —
z leads to an equivalent hypergeometric equation in ¢.
3. Mellin Transform Method:
A more advanced technique converts the differential equation into a difference equation in the Mellin transform
domain. Solutions are represented by gamma functions and meromorphic functions of complex variables, allowing
simultaneous derivation of multiple independent solutions, including cases where Frobenius fails to yield them directly
(e.g., integer-order Bessel functions).
4. Numerical Methods:
For practical computation, numerical methods such as Taylor series expansions, asymptotic expansions, continued
fractions, Gauss—Jacobi quadrature, and numerical solution of the differential equation itself are common. These
strategies are chosen based on parameter ranges and desired precision.
5. Recurrence Relations:
Hypergeometric functions satisfy contiguous relations and recurrence formulas, which enable computation of function
values recursively by shifting parameters.
6. Integral Representations:
Integral representations, such as Euler-type integrals, offer analytic solutions and alternatives for numerical evaluation
and proofs of identities.
Applications of Hypergeometric Functions:
Hypergeometric functions are used in a wide variety of fields in mathematics, physics, engineering, and statistics.
Their adaptability and deep mathematical structure make them powerful tools for solving complex problems. Here are
the major areas of application:
1. Mathematics:
1.1 Solution of Differential Equations: Hypergeometric functions serve as solutions to second-order linear ordinary
differential equations with three regular singular points. Their extensions to multivariate forms help solve partial
differential equations.
1.2 Special Functions Theory: Many special functions (e.g., Bessel, Legendre, and elliptic functions) are particular
cases or limits of hypergeometric functions, linking them to broad swathes of mathematical analysis.
1.3 Number Theory & Combinatorics: Hypergeometric functions and their g-analogs appear in combinatorial
identities, partition problems, and analysis of finite vector spaces.
1.4 Multivariate Analysis: Functions such as the Appell and Lauricella multivariable hypergeometric functions play
an important role in modeling phenomena that require the simultaneous analysis of many variables.
2. Physics:
2.1 Quantum Mechanics: Hypergeometric functions arise in solving Schrddinger's equation for various potential
wells and in higher-dimensional symmetry problems.
2.2 Statistical Mechanics & Integrable Systems: Elliptic and q-hypergeometric functions are used to analyze
complex systems and integrable models.

@2026 Bihar Shodh Samaagam | volume 4 | Issue 2 | April-June 2026 | ISSN: 3048-6971 | Page 375



2.3 String Theory and Conformal Field Theory: These functions describe string interactions and field behaviors
under conformal transformations, offering insight into space-time structure and fundamental interactions.

2.4 Wave Propagation & Potential Theory: Solutions to equations describing wave behavior, electrostatics, and
gravitation often involve hypergeometric functions.

3. Engineering:

3.1 Signal Processing: Hypergeometric functions appear in the resolution of problems involving systems with
multiple dimensions, especially in signal analysis and transformation.

3.2 Heat Conduction & Elasticity: These functions support analytic solutions in problems related to heat transfer in
various materials and elastic deformation in solids.

4. Statistics:

4.1 Probability Distributions: Hypergeometric functions are critical in describing and evaluating probability
distributions, especially the hypergeometric distribution in sampling theory.

4.2 Multivariate Statistics: In computation of joint distributions and correlation measures for complex datasets,
multivariable hypergeometric functions offer powerful analytical tools.

5. Computational Advances:

5.1 Symbolic Computation: Software tools like Mathematica and Maple employ hypergeometric function identities
and representations to perform complex symbolic and numeric manipulations, making them more accessible to
researchers in various fields

Conclusion:

Hypergeometric functions remain highly significant in both theoretical and applied mathematics. The emergence of
advanced generalizations and computational methods has expanded their scope, making them indispensable in the
study of differential equations and mathematical modeling in physics. Their versatility and deep analytical properties
ensure their continued relevance as a topic of ongoing research and innovation.
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